We reduce two-body problem to the one-body problem in general case of deformed Heisenberg algebra leading to minimal length. Twobody problems with delta and Coulomb-like interactions are solved exactly. We obtain analytical expression for the energy spectrum for partial cases of deformation function. The dependence of the energy spectrum on the center-of-mass momentum is found. For special case of deformation function, which correspondes to cutoff procedure in momentum space it is shown that this dependence is more likely to observe for identical particles.
Introduction
Idea of the minimal length have been attracted a lot of attention recently.
Although the first paper on the topic was published in 1947 [1] , interest in the study increased only in the late 1980s. This interest was motivated by the investigations in string theory and quantum gravity, which suggest the existence of the minimal length as a finite lower bound to the possible resolution of length [2] [3] [4] . Kempf had shown that such an effect can be achieved by modifying usual canonical commutation relations [5] [6] [7] [8] . The simplest case of the deformed algebra is the following one [5] [X,P ] = i (1 + βP 2 ),
leading to minimal length √ β.
Many one-particle systems were considered in the framework of minimal length hypothesis. Exact solutions were found for one-dimensional harmonic oscillator with minimal uncertainty in position [6] and also with minimal uncertainty in both position and momentum [9, 10] , D-dimensional isotropic harmonic oscillator [11, 12] , three-dimensional Dirac oscillator [13] , (1+1)-dimensional Dirac oscillator within Lorentz-covariant deformed algebra [14] , a particle in delta potential and double delta potential [15] , one-dimensional Coulomb-like problem in general case of deformation [16, 17] and a particle in the singular inverse square potential [18, 19] .
Also the perturbation techniques and numerical calculus were applied to different one-particle quantum systems with minimal length. In [8] the perturbational D-dimensional isotropic harmonic oscillator was considered.
Three-dimensional Coulomb problem with deformed Heisenberg algebra was studied within the perturbation theory in the nonrelativistic case [20] [21] [22] [23] [24] and in the case of Lorentz-covariant deformed algebra [25, 26] . The problem of the D-dimensional delta potential in the first order in parameter of deformation is considered in [27] . Numerical result for hydrogen atom spectrum in a space with deformed commutation relation was obtained in [21] .
However the description of multiparticle systems is still far from completeness. There are only few papers devoted to studies of composite systems (N -particle systems) in the deformed space with minimal length [28] [29] [30] . In paper [28] it was shown that ground-state energy of N -body can be bounded from below by a formula that only requires to know the ground-state energy of a corresponding two-body system. Authors of [29, 30] proposed an assumptionassumed that parameter of deformation depends on the mass of particle as
with γ supposing to be some (fundamental) constant for all particles. This allows to solve a few problems caused by the minimal length, namely, problem of violation of the equvalence principle and problem of dependence of kinetic energy on the composition. Condition (2) also explains strangely small result obtained for the minimal length from a comparison with the observed precession of the perihelion of Mercury [31] . It is interesting that the similar idea, that particles with different mass feels the deformation in a different way, was successfully applied in case of noncomutative spaces [32] [33] [34] [35] . This adds to the above idea a more fundamental meaning.
The exact solutions for two-particle eigenproblems have not yet been found. In present paper we consider two-body systems with delta and Coulomblike interactions in general case of deformed algebra. The paper is organized as follows. In section II we brief about general deformed algebra. In section III we present a reduction of the two-body problem to one-body problem in general case of deformation. In section IV and V, we find the exact solution of two-particle systems with delta potential and 1D Coulomb-like potential correspondingly. Section VI contains energy spectra for considered systems in some particular cases of deformation. Finally, in section VI we discuss obtained results.
A brief on deformed algebra
Let us consider a modified one-dimensional Heisenberg algebra which is generated by positionX and momentumP hermitian operators satisfying the following relation
where f are called functions of deformation. We assume that it is strictly positive (f > 0), even function.
We consider a representation leaving position operator undeformed
.
From the fact that operatorsX andP , written in representation (4), have to satisfy the commutation relation (3), we obtain the following differential
dg(p) dp
Here a represents the limits of momentum P ∈ [−a, a]. Minimal length for the deformed algebra is [36] 
Thus, if b < ∞ nonzero minimal length exists and if b = ∞ the minimal length is zero.
We also assume that b is different for different particles. According to [29, 30] we may suppose that b depends on the mass of the particle by the following condition
with η being the same constant for different particles.
Note that for deformation (1) we have
, with γ being the constant introduced in (2).
Two-body problem in deformed space
Let us assume that in deformed space the two-body Hamiltonian has a similar form as in undeformed one. In the absence of external potential the Hamiltonian readsĤ
where V (X 1 −X 2 ) is the interaction potential energy of the two particles.
To express the fact that parameter of deformation is different for different particles we write the representation for momenta aŝ Using representation (9) the Hamiltonian can be written as the followinĝ
Here we use notation
Let us introduce the center-of-mass coordinate and momentumx 0 and p 0 and relative-motion onesx and p in the traditional waŷ
The inverse transformation readŝ
Note that p 0 is an integral of motion, because it commutes with the Hamiltonian.
The two-particle momentum space after change of variables is presented in Fig. 1 . As it can be seen in Fig. 1 range of relative-motion momentum is differrent depending on the value of the momentum of the center-of-mass p 0 .
Figure 1: Two-particle momentum space
Results of the analysis of possible ranges for center-of mass and relativemotion momenta are presented in Table 1 . We see that there are three different domains in the momentum space, which are set by the value of p 0 .
Relative-motion momentum belongs to the asymmetric region [c 1 , c 2 ], were values of c 1 and c 2 depend on the value of the momentum of the center-ofmass p 0 . 
Rewriting the Hamiltonian in terms of center-of-mass and relative-motion variables we obtain
Schrödinger equation in momentum representation for two-particle system can be written in a similar way as it was done for one-particle systems [15, 16] :
where U (p − p ) is the kernel of potential energy operator and
The main difference of equation (16) from the corresponding one for oneparticle systems is that G(p 0 , p) depends on p 0 and that the endpoints of p, denoted as c 1 and c 2 , now is not symetric in general and also depends on p 0 .
Note that p 0 is a constant of motion.
Thus, two-body problem in deformed space can be reduced to one-body problem.
Delta function interaction in deformed space with minimal length
In undeformed case attractive delta potential in the coordinate representation
corresponds to constant potential in momentum space
We assume that in deformed space delta potential is still expressed by constant potential in momentum space. Schrödinger equation (16) then reads
The solution of (20) can be easily obtained
Here we use the notationφ = c 2 c 1 φ(p )dp ,
and
Integrating (21) over p in the range [c 1 , c 2 ], we obtain
with g(p) presented in (17) . Note that the limits of integration c 1 and c 2 depends on the value of the center-of-mass momentum p 0 and are presented in Table 1 .
Coulomb-like interaction in deformed space with minimal length
The kernel of the potential energy operator in momentum representation in undeformed case has the following form [16] 
with θ(p − p) being the Heaviside step function δ ∈ [0, 1). Note that the endpoint 1 is excluded because in the limit of δ to 0, we obtain the same definition of potential energy operator as in the limit of δ to 1.
We assume that the kernel of potential energy operator remains unchanged in deformed space, which means that inverse position operator can be written as the following
The inverse position operator defined above is linear and in the limit of c 1 to −∞ and c 2 to ∞ coincides with the undeformed one. The Schrödinger equation for 1D Coulomb-like problem in deformed space with minimal length
φ(p )dp = Eφ(p). (27) Differentiating the latter integral equation, we obtain the differential one
which can be written as
with q = √ −2M E. The solution of (29) reads
Here normalization constant is
We also use notation
The eigenfunction (30) is the solution of equation (29) but not necessarily (27) . Only the eigenfunctions (30) with some specific values of energy E would satisfy equation (27) . To find these energies let us calculate the integrals from (27) . Using formulas (29) and (30), we have
Substituting obtained results (30) , (33) and (34) into equation (27), we find
Finally, energy spectrum can be found from M α c 2 c 1 dp
with n = 0, 1, . . . and δ ∈ [0, 1). The limits of integration c 1 and c 2 depend on the value of the center-of-mass momentum p 0 and are presented in Table   1 .
Hence, the exact solution for two-particle problem with Coulomb-like interaction is found in general case of deformed Heisenberg algebra with minimal length.
6 Energy spectra for particular cases of deformation Condition for energy spectrum for Coulomb-like problem (36) contains the same integral as in the corresponding condition for delta potential (24) .
Therefore finding the spectrum for particular cases of deformation function is similar for the both systems. We combine conditions (36) and (24) into the following one
for delta potential and κ = π (n+δ) α for Coulomb-like one.
Example 1.
Let us consider the simplest deformed commutation relation leading to minimal length and corresponding to ultraviolet cutoff
with i = 1, 2 enumerates the particles. In this case energy condition on energy spectrum (37) is c 2 −c 1 dp
Taking the integral in the latter equation we obtain
In the case of |p 0 | b 1 − b 2 (domain I) from (41) we obtain the energy spectrum in a series over small
with µ = µ 1 µ 2 M denoting the reduced mass. Dependence of the energy spectrum on p 0 is hidden in the higher order correction over
. It is interesting that in this case correction to the energy spectrum depends only on the parameter of deformation b 2 of the particle, which feels the deformation stronger than the other one.
The energy spectrum of two-particle system with delta function interaction similarly to undeformed space consists of one energy level
The spectrum for the system with Coulomb-like interaction is
Here
denote undeformed energy spectra of two-particle system with delta and Coulomb-like interaction, respectively.
Some different results we obtain for identical particles (m 1 = m 2 = m and Equation (40) yields
Finally, energy spectrum expansion up to order 1/b 2 writes
Equation (48) for delta and Coulomb-like interactions is
correspondingly.
From (48) we conclude that in the case of identical particles dependence on p 0 is present in second order correction over 1 b , while for different particles this dependence is present in higher order corrections. Therefore, effect of dependence of the energy spectrum on p 0 of the considerable problem is more likely to observe for identical particles.
Example 2
Another algebra for which analytical results were obtained for identical particles (µ 1 = µ 2 = 1/2) is given by deformation function
we succeeded to reduce two-particle problem to the one-particle one. The pecularity of the obtained one-particle problem is in it dependence on the center-of-mass momentum.
Two-particle system with delta interaction as well as Coulomb-like one have been considered. We have obtained exactly the wave functions and energy spectra of the mentioned problems in general case of deformed algebra.
We have cosidered two partial examples of deformation function. Expanding the energy spectrum over parameter of deformation we conclude that the dependence on the center-of-mass momentum is not present in the main correction to the energy for both considered examples. For the deformation function that correspondes to ultaviolet cutoff we have obtained that for different particles dependence on the center-of-mass momentum is also not present in the second order correction, although for identical particles second order correction is proportional to |p 0 |. This means that for considered type of deformation the effect of dependence of energy spectrum on the centerof-mass momentum is more likely to observe for identical particles. In the other example of deformation we have obtained for identical particles that the second order correction to the energy has terms proportional to p 
